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Abstract 

For a smooth manifold M obtained as an embedding torus, A |J Cx [— 1, 1], we consider 
the ordered configuration space ¥k{M) of k distinct points in M . We show that there 
E"' \ is a homotopical cubical resolution of Ffc(M) defined from the configuration spaces of A 

■ and C . Prom it, we deduce a universal method for the computation of the pure braid 

(~| . groups of a manifold. We illustrate the method in the case of the Mobius band. 



Introduction 



^ ■ For a manifold M, the configuration space of k points in M is the space 

\o : 

0\ ■ Ffc(M) = {(xi, . . . e M^'' I 2 ^ J ^ Xi ^ Xj} . 

! 

2 ■ As pointed-out by R. Fox and L. Neuwirth |H, configuration spaces are closely related to braid 

\0 ■ groups. In fact the fundamental group of the configuration spaces of the euclidean plane 

is Artin's pure braid groups [l]. Hence, the pure braid group on k strands of a manifold M is 

^ [ naturally defined as the fundamental group of Ffc(M). 



The aim of this paper is two-folds. On one hand, we give an explicit homotopy model for 
the configuration spaces of a smooth manifold M obtained as an embedding torus described 
^ ■ below, A[jC X [—1,1]. The model is given in terms of a homotopy cubical space, or hD- 

^ . space. On the other hand, using the previous model, we give a method for the determination 

of the braid groups of a manifold. To carry on such a calculation, one does not need to 
understand the full machinery behind the homotopy model. In fact, only basic knowledge on 
the fundamental group is required. 

More precisely, let A and C be two manifolds of dimension n and n — 1 respectively. Denote 
by dA the boundary of A and fix two disjoint embeddings i~ : C dA and z"*" : C — > dA. The 

homotopy colimit of the diagram C > A is called an embedding torus and is a topological 

n-manifold with corners: 

M = A [j C X [-1, 1] = hocolim ( C A J ■ 

In the sequel, the maps i~ and will be denoted by i", respectively with e = — 1 and e = +1. 
This situation is sufficiently general as the next example shows. 
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0.1 Examples 

1. Let C be the interval [—1, 1] and A be the square [—1, 1] x [—1, 1]. 

• If the maps i'' are defined by i^i^x) = {x, e) then M is a cylinder \ {0}. 

• If the maps i" are defined by = (ex, e) then M is the Mobius band, denoted 
by M. 

2. The surfaces of genus g >1, oriented and non-oriented, can be obtained with A the disk 

with 2g small disks removed and C the disjoint union of g copies of the circle S^. 

3. If U and V are two n-manifolds, the connected sum Uj^V can be obtained with A = 
{u \ D") U \ D""^ and C = ^""^ 

4. If M is obtained from a manifold by a surgery, then M can be obtained as an 
embedding torus with A={N\S' x D"-") \J{D''+^ x S"""'-^) and C = x 5""""^ 

Main Theorem 

There exists a homotopical cubical space X^, defined using the configuration spaces of A and 
C and the emheddings i~ and i~^ , such that the geometrical realization |X^| has the same 
homotopy type as Ffc(M). 

0.2 Example 

When k = 2, the homotopical cubical space model of F2(M) is given by the diagram 



: F2(C) " C xA\_\AxC ^ ¥2{A) with dl o d^ ~ d( o dl 



The paper is organized as follows. Section [T] introduces the notion of homotopical cubical 
space. The cubical resolution associated to the embedding torus M is described in Section O 
Finally, in Section O we explain the method of computation of the braid groups of M and 
detail the case of the Mobius band. 

All spaces considered here are assumed to be compactly generated and with the homotopy 
type of a CW-complex. We denote by Top the category of such spaces. 

Note: The section on braid groups can be read rather independently, only Example 11.101 
and Subsection 12.11 are required to understand it. 

1 Cubical Spaces 

In this section, we define the notion of homotopical cubical spaces, or /iD-spaces. Those spaces 
are defined as homotopy D-diagrams for a well chosen category □. 

1.1 Homotopy limits and colimits 

We first expose some results of R. Vogt [I2[TT| concerning homotopy colimit of up to homotopy 
commutative diagram of spaces. 
Let C be a small category. 
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1.1 Definition 

For each A E C and B E C, let 



Co{A,B) 



/o = id, 

fi = id, < i < n, 
fn = id, 



Cn{A, B) = {(/„, fn-i, ...,fi)e (Mor C)" \ U o ■ ■ ■ o f, : A ^ B in C}, neN 
{idA} A = B 
A^B. 

A homotopy C-diagram D, or hC-diagram, consists of 

• a map -Do '■ OhC Top, 

• a collection of maps indexed by ObC 

D)b : U U Cn+i{A, B)xrx Do A -> D^B 

n>OAeC 

where / = [0, 1] and such that: 

1. DsiidB] x) = X, for x G DqB. 

2. For n > 0, (/„, fn-i, . ■ . , fo) e C„+i(A, B) and (t„, t^-i, 

Dsifn, tn, fn-1, tn-1, ■ ■ ■ , foi x) 
DB{fn,tn,---,h]x) 

Dsifn^ tn: ■ ■ ■ y fi+ly ti+ltiy fi-1, ■ ■ ■ , foi x) 
-Ds(/n-l, tn-1, . . . , fo;x) 

Dsifn, tn, ■ ■ ■ , fi+l,ti+l, fi ° fi-1, ti-1, ■ ■ ■ , fo'jX) ti = 1, 
DB{fn,tn, ■ ■ ■ , fi', B>c{fi-l,ti_l, . . . , fo]x)) ti = 0, 

with C the source of /j. 

When no confusion is possible, we write D in place of Db- Roughly, an /iC-diagram is a kind 
of functor from C to Top in which the equality between D{f o g) and D{f) o D{g) is valid 
only up to a coherent homotopy, see [HI Example page 18]. The definition of the homotopy 
colimit of such a diagram states as follows. 
1.2 Definition 

Let -D be a /iC-diagram. The homotopy colimit of D, denoted hocolimZ), is defined as the 
space 

hocolimD = LJ LJ CniA, B) x /" x DoA j - 

A,BGCn>0 

where the relation ~ is given by 

(^n ! fni ■ ■ ■ 1 t\, /l , x) 

itn,fn,---,t2,f2;x) fl = id, 

{tni fni • ■ ■ 1 fi+li titi—l, fi—l, • • • ; fl, x) /j id, 1 < 2, 

L, i < n. 



(tn, fn, ■ ■ ■ , ti+l, fi+1 O fi, ti—l, 
(tn-1, fn-1, ■ ■ ■ , fl',x) 
(tn, fn, ■ ■ ■ , fi+l', Dc(fi, ti-l, . 



.,fi;x) ti = l, 

tn 1: 

fi;x)) = 0, 



with C the source of fi. 



For p G N, the image of |_J |_J Cn(A, B) x I'^ x DqA in hocohm D is denoted by hocolim^ D. 

A,B€C n=0 
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1.2 The □ category 

In this paragraph, we define the category □. We first introduce the sets C^, used in the 
definition of the morphisms of □. 

1.3 Definition 

Let [1, n\ be the set of integers between 1 and n and 

C; = {PC I |P|=p} = {(zi,...,z^)G \l,n\P\i^<---<i,} 

be the set of subsets of [1,?^J of cardinal p. We define the map C : ^ C;j_p that sends an 
element i = {ii, . . . ,ip) to its complement in [1, nj . We also define two associative operations 
A and V: 

For p < g < 72, A : CP x ^ Q 

= {{3u---,3q),{H,---,ip)) J Az = 

and for 1 < p + g < A;, V : C^'P x C^ 

(j, ^ j\/i = i + {j A Cz) 
where + stands for the union of sets in At last, we define a map [ , ] acting like a 

partial inverse for the V operation: 

[ , ] : c^-p X c; cp-^^ 

where [j, i] is the only element such that [j, i] A (j \/ i) = i. 

1.4 Examples 

• If i = (2, 3, 5, 7, 9, 11, 13, 17) G Cl^ and j = (2, 4, 6) G Cf , then 

J A2 =(^2,^4,^6) = (3,7, 11) GC|^ 

• If i = (2, 3, 5, 7, 9, 11, 13, 17) G Cl^ and j = (1,4, 6, 9) G Cf , then 

Ci = (1, 4, 6, 8, 10, 12, 14, 15, 16, 18) thus j A Ci = (1, 8, 12, 16). 
The set J V i is given by i + (j A Ci) = (2, 3, 5, 7, 9, 11, 13, 17) + (1, 8, 12, 16) 

= (1, 2, 3, 5, 7, 8, 9, 11, 12, 13, 16, 17) G CH 
In order to precise the set G Cg^, we have to determine the position of the integers 
forming i = (2, 3, 5, 7, 9, 11, 13, 17) in j V i = (1, 2, 3, 5, 7, 8, 9, 11, 12, 13, 16, 17). We de- 
duce = (2,3,4,5,7,8,10,12). 

We can use the operation [ , ] to extend the definition of V to a coloring of the integers 
forming i and j. 

1.5 Definition 

For t = (21,..., Zp) e C;, e = (ei,...,ep) G {-1, If, J = (ji,...,Jg) G Q"^ and e' = 
(e;, . . . , e;) G {-1, lY, we define e" = (e'/, . . . , e^V,) G {-1, 1}^+-^ as 

e'l'^ = with / = [j, i] G C^+'f and a G [l,pj , 
e;^^ = e'p with s = C/ G Cp+'? and Pe\l,q\. 

When no confusion is possible, the element e" G { — 1, 1}^+^ is denoted by e^vi- 
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1.6 Definition 

The category □ is defined by 

ObD = N 

Morn(p, r) = r {/f ^ e CP"^ e, G {-1, If"^} p > r, with o = f^^, 

I {idp} p = r, 

I p < r. 

For p G N, we also define Dp as the full subcategory of □ whose objects are [0,pj. 

We finally prove some assumptions on the operations defined on the spaces C*. These claims 
are convenient for proving the existence of a /iD-space structure. 

1.7 Proposition 

(1 ) For J G CP and ieC^, C(j M) = (Cj) V (Cz) . 

(2) For J G and i G C^, (Cj) A (Ci) = C(j V i). 

(3) For j G Cq"P and i G C^, [j, i] «s t/ie only element of C^'^'^ which satisfies the relation 

C[j,^] A(j v^) =j aC^. 

(4) For k G Q-P^'i, 3 G and z G C^, 

[k V J, = [j, ^] A [/c, J V i] and [k, J V = [/c, j] V [A: V j, z]. 

Proof. Let j G and i E Cp, the relations (1) and (2) follow from the equalities 

j Ai = (j Ai)ni = C(Cj Ai)ni = C(Cj A z + Cz) = C(Cj V Cz). 

Let k G C;^"P"^ j G C^-P and z G C^^. Observe that j A Cz = (j V z) \ z and CA; A (j V z) = 
(j V z) \ (A; A (j V z)). Hence, we have the equivalence 

A; A (j V z) = z CA; a (j V z) = (j V z) \ z = j A Cz. 

This shows the relation (3). 

Let k G Cl^-P-^ J G C^-P and z G C^, we have 

[j, A [k,j V z] A (A; V J V z) = [j, z] A (j V z) = z. 
The first equality of (4) follows from the unicity of the element [A;Vj, z]. Furthermore, we have 

C[A;,j] A C[A; V j,z] A (A; V j V z) = C[A;, j] A (A; V j) A Cz = A; A Cj A Cz = A; A C(j V z). 
Thus, the second equality of (4) follows from (3). □ 
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1.3 /iD-spaces 
1.8 Definition 

A homotopical cubical space, or h\I\-space, is defined as a /iD-diagram. If X, is a /iD-space, 
we depict this diagram as a cubical complex 



; X4 \\\\\\\\\\\\\\ X3 \\\\\\\\\\\\\\ X2 I Xi ■> Xq 



d+ d+ d+ d+ «i 

with the conventions X^ = X{i) and (i- = X{f^) : Xp — > Xp_i for E Mor(p,p — 1). Finally 
the geometrical realization of X,, is defined as hocolimX, and denoted by \X,\. We define 
analogously a /iDp-space as a /iDp-diagram. We also denote by X<p the image of Dp by X. 
Observe that the new diagram X<p inherits a /iDp-space structure from the /iD-space X,. 

The geometrical realization of X, can be obtained by induction in the following way (see Segal 
|H] for the simplicial case). 

1.9 Proposition (Inductive construction of the geometrical realization) 

Let X, be hO-space. For every i G N*, there exists a map $j : d{[—l, 1]') x — > \X<i\ such 
that the square 

9([-i,in xx,^|x<,_i| 



[-1,1]^ X X, -|X<i| 

is a pushout. Furthermore, the geometrical realization of X, is the colimit of 

\X<i\ — ^ \X<2\ — i> ■ ■ ■ — > \X<_i\ |X<j+i| — > ■ ■ ■ 

1.10 Example (Geometrical realization of a ^□2-space) 

Start with a /in2-space 



X» '■ X2 Xi > Xq . 



d^ 

4 

From the definition of homotopy colimit (jl.2L we have |X<o| = Xq and 

|X<i| = hocolim ( Xi l Xq 

d+ 

= Xi X [-1, 1] U Xo 

(xi,e)r^d\(xi) 

= colim(Xi X {-1,1} ^ |X<o|). 

The /in2-space X, is the image of the category ^2 represented below 
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o< — /r 



\ t 

f-+ J2 



> 



ft fl,2 



fl 



<- 



-fl- 

fl,2 
-fl- 



-fl 

fl,2 fl 



f2 

\ 



-it 

fl,2 
-ft 



fl 



-> 



where all of the four external edges of the form Di : 



fl 



■ft 



■ are 



identified. Observe that the structure of /in2-space is equivalent to the existence of homotopies 
(i^dg — d^di, dfd^ ~ d^d2, dfd^ — dfdf and d^df ^ d'^d'^ . Hence for every X2 G X2, we can 
define a path 0i of |^<i| as the restriction at X2 of the homotopy between d^d2 and d'^d'^. 
Similarly, define 02, 03 and 04 as the restrictions of the homotopies d'^d'^ ~ d'^d'^ ^ dfd2 — dfdf 
and ~ (i^d^. Also denote by id the identity on [—1, 1]. One construct a loop $2(2^2, •) 
in |X<i| as follows: 

(i^(x2) X id 
02^ ' > - 



di {X2) X id ^2(^2 



-nV3 



dt{x2] 



X 



-id) 



J 



(^2 {X2) X [—id) 

More precisely, $2(2^2, •) is the following composition of paths: 

^2{^2, •) = 01 * (d'{[x2) X id) * 02* (rf^(x2) X irf) * 03 * ((i|(x2) X (-irf)) *04* [d^k^'i) X {-id)). 

We extend it as a map $2 : ^2 x d[—l, 1]^ ^ l^<i|- Then we have a description of \X<2\ as 
a pushout: 

X2 X 9[-l,l]2^|X<i| 



X2X [-1,1]=^ 



IX 



<2 



Proof fll.9n . Consider a /iDj-space X,. We describe the geometrical realization of |X<j| 
using the spaces |X<j_i| and Xj. Define the space Ai = | | Cn{i,j) x I'^ x Xi / ~, where 



0<j<i 
0<n<i 
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the relations ~ are given by 



(tn: /n; • • • ; ^li /l) 

{tn, fn, ■ ■ ■ ,t2, f2;x) fl=id, 
(^ri) /n; • • • ; fi+ly titi—lj fi — ly • • • ; /li ^) ft "^d, 1 < Z, 

(tn, fn, • • • ) ti^i, fi^i O /j, . . . , fi]x) ti = 1, i < n, 

(^n— 1? /n— 1; • • • ! /l) ^j) 1. 

Observe that in each relation, the element x G Xj remains unmodified. Since all the spaces 
are assumed to be in Top, this implies 



0<j<i 
0<n<i 



X r 



\ 0<j<i 
\0<n 



<i 



\ 



I 



xX, = \-\,\\ xX,. 



From Definition [L2l of the homotopy colimit, we deduce that |X<j| is obtained as the quotient 
space Ai |J |X<j_i| j ~ where the relation ~ is given by 

(^n, fn, ■ ■ ■ , tl, fl, X) ~ fn,---, fi+l', Dc{fi, tj-l, . . . , fi, x)) 

whenever ti = with C the source of /j+i. We can rephrase this result by saying that there 
exists a map $j such that the square below is a homotopy pushout. 



X; 



IX. 



<j-l 



[-1,1]' xX, 



IX, 



□ 



As a direct consequence, we have the next result on the determination of the fundamental 
group of the geometrical realization of a /iD-space. 

1.11 Proposition 

Let X, be a hO-space, then the following spaces have the same fundamental group: 

• l^.l> 

• l^<2|, 



The geometrical realization of the square space X^^^ 



with X2°^ a -skeleton of the space X2. 

A last property on /iD-spaces is required in order to prove the Main Theorem. 

1.12 Proposition 

Let X be a HD-space of the form 



:Xi 



:Xn 
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such that each map : Xp^q — > Xp^q^i \_\ Xp_i^g restricts to 

: Xp^g Xp^q-i if 01 <q and d"^ : Xp^g Xp^i^g if a > q. 
Then, we can form the following diagram 

d- 



{X') 



■:X- 



3,0 



4 



■■ ^2,1 



dt 

do 



4 



d7 



■^0,1 



d- 



d- 



d- 



d+ 



\X- 



3,2 



2,2 ■ 



: -^1,2 



: -^0,2 



d- 



d~ 



d- 



dt 



d- 



where each line and each column inherit a h\3-space structure. Let \Xj^,\ (resp. \X,^j\) he the 

geometrical realization of the cubical space on the j-th column (resp. row). 

Then, the geometrical realization of X, is the same as the one of any of the h^-spaces 



\x..\ 



1^2,. I 



d+ 



1^1,. I 



d^ 



|Xo,,| and |X».3 



4 



d+ 



d+ 



\X.a\ 



dt 



l^»,o| 



Proof. The proof is a straightforward application of O theorem 2.4] once we have observed 
that the diagram {X') admits a structure of hO x /iD-diagram (see jT2l Definition 2.1]) since 
it is defined from the /iD-diagram X. □ 



2 Cubical resolution associated to an embedding torus 



The aim of this section is to prove the Main Theorem. In Section 12.11 we give a geometric 
description of the resolution X^ whereas in Section l2?2l we prove that the /iD-space X^ is well 
defined and augmented. The section l231 is focused on the proof of the Main Theorem. 



2.1 /in2-space associated to an embedding torus 

Recall that 



C' = {PC \l,k\ I |P|=p} = {(zi, 



5 V/ 



G [1,A;J^ I < ■■■ < ip} 



We set Xp = Cp X Fp(C) x ¥k^p{A). This space is naturally identified with the space of 
configurations of k points in A |J C with exactly p points in C. In this section, we define some 
maps (i^ : X^ — > Xp_i, a E [l,pj, e G {—1, +1} and give a geometric interpretation of them. 
They will form a first step toward the definition of the resolution X, of Ffc(M). 

Recall that A is a manifold with boundaries. The collar neighborhood theorem ^ Theorem 
17.1] asserts the existence of an embedding / : dA x [0,2] A that extends the natural 
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inclusion dA x {0} ^ A. Later on, we identify a point {a,t) G dA x [0, 2] with its image by 
/. This embedding allows us to define a map r used in our construction. Geometrically, this 
map crushes down the collar neighborhood dA x [0,2] linearly onto dA x [1,2] leaving the 
complement unchanged. 

2.1 Proposition 

There is an injective map r : A ^ A \ {dA x [0, 1[) which is a weak deformation retract of the 
natural inclusion. 

Proof. Define the map R: Ax[Q,2\^ A such that for (a, s) e Ax [0, 2]: 

R{a,s)=a if a G A\ (M X [0,2[), 

and R{{a,t),s) = f{a,s + {2- s)t/2) if (a, t) G M x [0, 2]. 

The map r = 1) fulfills the requirement. □ 

2.2 Definition 

For !<«<]?, the map : ^p-i is defined by: 

C'^ X Fp(C) X ¥k-p{A) ^C^^, X Fp_i(C) x F,_p+i(A) 

((zi, . . . , Zp), (ci, . . . , Cp), (ai, . . . , Ofc-p)) 



(^(ii, . . • ■,ip), (ci, . . ,4, • • ,Cp), (r(ai), . . , r(ai^_^), i"(c„), r(a,^_„+i), . . ,r(afc_p)) 
We give now a geometric interpretation of the maps d"^ : — > 



X, 



Let ((zi 



(ci, . . . , Cp), (ai, . . . , ttk-p)) G Xp . As already stated, this 



object is identified with a configuration of k points, (xi, . . . ,Xk), living in 
A y C with exactly p of them in C. On the picture on the left, the map i" 
is given by the natural inclusion of C (represented by the interval at the 
top of the picture) into dA (represented by the other non dashed interval). 
The retraction r sends down vertically the points living in A. 



The action of the map c?^ on the above configuration consists of two successive steps: 



1. It pushes away from the boundaries all points in A using the retrac- 
tion r, 

2. It sends the a-th point living in C, Xj^ = Cq, into dA using the 
map i^. 

Let (x'^, . . . , x'^) denotes the new configuration obtained, in particular, 
x'i^ = i^{xi^) = 2^(cq). Observe that the use of the retraction is neces- 
sary since one cannot ensure that the point z^(cq,) is not already in the 
configuration (xi, . . . , x^). 

Now if we assume (3 > a, then cp = x[^ is the (/3 — l)-th point living in C in the configuration 



x^ 
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{x'l, . . . , x'l^] 



X' 



X" 



x. 



X' 



*x^ 



Applying the map c?^_i, we get the result pictured on the left. The new 
configuration represents the action of d^.^^orf^ on (xi, . . . , Xk) and is labeled 



\x 



l5 



I Xr. 



on the picture. 



Starting from the configuration (xi, 



we can also send Xi- first in A and after send Xi 



This leads to the action of the map ci^ o (Pp on the configuration (zi, . . . , z^). We can observe 
that o (i^ and df^ o rf^ do not agree exactly but up to homotopy. The homotopy consists 
of sliding the points x'l^ and x'l^ along the retraction r as sketched below with dotted arrows. 



LCk. 



x:' 



tX. 



Image under dg_^ o rf^ 



Sliding along the retraction 



Image under o 



Observe that for both compositions, the point x'-^ is of the form to,) G dA x [0,2[c A 

and similarly x-'^ is of the form {i'^{xi^),tf^). The preceding homotopy consists in modifying 
the components of those points. It is well defined since it is assumed that i^^Xi^) ^ 
As a consequence, we have a homotopy between the two configurations. 

2.3 Proposition 

If a < 13 and (e',e) G {-1, +1}^, then rf^ o c/^' ^ o c/^. 

A more general statement is proved in next section. It provides the coherences between the 
preceding homotopies required to give a structure of /iD-space to X^. 

2.2 /iD-space associated to an embedding torus 

In this paragraph, we detail the /iD-space structure of X^. More precisely, we exhibit maps 
satisfying the relations appearing in Definition ll.il 

2.4 Proposition 

X, admits a h\3- space structure. 

Proof. We now prove that X, admits a /iD-space structure as defined in Section [H To prove 
this result, we introduce maps h*. Let i = {ii, . . . ,iq) G and e = (ei, . . . , e^) G { — 1, 1}'^, 
q < p. The map 6^ is defined as: 

bl: C'^x¥,{C)x¥k-p{A) x Fp_,(C) x Ffc_p+,(A) 

(m, (ci, . . . , Cp), (ai, . . . , au-p)) ^ ((Ci) A m, (c^j, . . . , c^^.J, «, . . . , 
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with n = (ni, . . . , Up^g) = Cz G C^_„ / = [i, Cm] G s = C/ G C^-^^", 

ai^=aa and a'^^ = f ''(q^), a G [1, A; - , /3 G [1, gj . 

Observe that we cannot compose two maps ; for doing that, we need to use the retraction 
r = /?(•, 1) defined before ^2.1^ . For instance, the map introduced in Definition 12.21 agrees 
with the composite b^^^^ °R{», !)■ In that case, q = I. For a general q>l, the map 6- oi?(», 1) 
has a geometrical description analogous to the one given in Section I2.H but sends q points of 
C into A instead of just 1. We now detail the composite with the general retraction /?(•, 1—t). 

Let t g]0, 1], j G C^~'^ and e' = (e'^, . . . , e^) G { — 1,1}^. Consider the composition of maps 
6^ o /?(•, 1 — t) o bl, a straightforward calculus shows that this composition is described as 
follows: 

X ¥p{C) X ¥k-p{A) ^ C^_g_, X Fp_,_,(C) x Ffc_p+,+,(A) 
(m, (ci, . . . , Cp), (ai, . . . , ak-p^r)) ^ ((Cj) A (Cz) A m, (c„//, . . . , c„;'_^_J, «, . . . , 

where 

• ra' = (n'l, . . . , = Cj G C^I,.^, n" = . . . , = An = C(j Vz) G 



p 

-q—r 1 



a'li = R{a'^, 1 — with /' = [j, i V Cm] G C^_p^g~^^ and a G [1, A; — j> + gj , which implies 
a", = R{aa, I -t) if a e \1, k - p\ and a'l' = R{i^"{ciJ, 1 - t) if a e \l,q\, 



a'', = i 



-(c„. ), with s' = C/' G C^~P+i+^ and a G [l,rj. 



Observe that the expression of the elements of the form a" shows that bj o l — t)obl can 
be extended to t = 1 by a continuous map. In that case, we have: 



a'l', = ttc,, for a G \l,k-p\ and I" = I M' = [z, Cm] A [j, z V Cm] = [j V z, Cm] G C^_^" 
a'/,, = ■i''" ('c„,„ ) with 



s" = s' + s A /' = s' + s A Cs' = s V s' = C(/ A /') = C(/") 

w = i /\n + i = i + i = i y 



c" — c ■ ■ 



Since (Cj) A (Ci) Am — C(j V i) A m, we recognize exactly the map bjy^ . Finally, for each 
element 

(/t' ^-1' • • • ' ^2, ; x) G (Morc)„(p,p - g) X J""i x (C,^ x Fp(C) x ¥u-p{A)) 

define Xp_, ( ff^ , , /f , tn- 1 , • • • , ^2 , /f^' ; x) = 

6};; o i?(«, 1 - 1„) o O /?(•, 1 - t„_i) O . . . O /?(•, 1 - t2) o 6J O R{X, 1). 

The previous calculus of 6]' o /?(•, 1 — t) o 6^ shows that the maps X^, are well defined, give a 
coherent system of homotopy, and thus define a structure of /iD-space on X,. □ 

Let L denotes the inclusion of A into M. Since l is an injective map, it extends to a map, 
labeled rfo, from ¥k{A) into Ffc(M). 
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2.5 Proposition 

There exists a homotopy between doodf and dood~[ from x C x Wk_i{A) to Ffc(M). Hence, 
the hH-space Xj^ is augmented by do and there is a map x '■ l-^^l ~^ ^k{M) induced by this 
augmentation. 

In the next section, we will prove the main Theorem by showing that the map x is a homotopy 
equivalence. 

Proof. Let g be the inclusion of C x [—1, 1] into M. If {i, c, (oi, . . . , ak-i)) G x C x ¥k-i{A), 
then 

do o dl{i,c, (ai, . . .,ak-i)) = doir{ai), . . . ,r{ai_i),i'{c),r{ai), . . . ,r(afc_i)). 
Define the map if : x C x ¥k^i{A) x [-1, 1] Ffc(M) that sends (z, c, (ai, . . . , ak-i),t) to 

{l o R{ai, \t\), ...,Lo R{ai-i, \t\),g{c,t), l o R{ai, \t\), ...,lo R{ak-i, \t\)) . 

This is a homotopy between H{», —1) = do o d^ and H{», +1) = do o d^. Still, we have to 
check that H is well defined. For that, we observe: 

• The elements l o i?(a*, \t\) are all distinct since l o |t|) is injective by construction. 

• The elements l o R(a^,\t\) are in A and the element g{c,t) is in C x [—1,1]. The 
intersection C x [— 1, 1] fl A is always included in OA. But now, we have 

g{c, t) edA^t= ±1 and L{R{ai), \t\) edA^t = Q. 

therefore, the point g{c, t) E C x [—1, 1] is always distinct of the points l o i?(a*, \t\). □ 

2.3 Proof of Main Theorem 

The proof relies on the Fadell-Neuwirth fibration [2]: for a manifold A without boundaries, 
the projection vr^ p of the first p components of Ffc(A) onto ¥p{A), p < k, is a fiber bundle with 
fiber over (ai, . . . , a^) G ¥p{A) the space ¥k-p{A \ {ai, . . . , Op}). Observe that this statement 
becomes false if A is a manifold with boundary. The following statement solves this problem 
by replacing the fiber by an homotopy fiber. It also justifies that the configuration spaces of 
a manifold and of its interior have the same homotopy type. 

2.6 Proposition 

o 

Let A be a manifold of interior A. Denote by r : A ^ A\[dA x [0, 1[) the retraction introduced 

_ o 2 

in Proposition \2.1\ The natural inclusions ¥k{A) ^ ¥k{A) are fiber homotopy equivalences. 
In particular, the homotopy fiber of¥k{A) — >■ ¥p{A) over an element (oi, . . . , Op) G ¥p{A) is 
¥k-p{A\{r{ai),...,r{ap)}). 

Proof. Observe that the following square is commutative. 

F,(i)^ -F,(A) 



Fp(i)^ -Fp(A) 
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Furthermore, the map R : A x [0,2] ^ A defined in 12.11 shows that the composition of two 
successive maps in the line below is homotopic to the identity. 



R{m,l)~R{m,0)=Id 



R{;1) 



■¥k{A) 



R{;l)c^R{;0)=Idj, 



(A) 



This proves that ¥k{A) ^ ¥k{A) is a fiber homotopy equivalence. □ 

We prove now the Main Theorem and precise the maps between the geometrical realization 
\X!^\ and Ffc(M). 
2.7 Theorem 

The map x, induced by the augmentation do, is a homotopy equivalence between the geometrical 
realization and the configuration space Ffc(M); 

hocolimn, Ffc (^C |J ^ Ffc(M) = (^hocolim( C =t A 

Proof. In order to prove this theorem, we make an induction on k. If k = 1, the result is 
trivial. Now, assume that the geometrical realization of X^~^ has the same homotopy type as 
Ffc„i(M). In order to apply Proposition im observe that = [CpZl + {k})UCp~^- Hence, 
we have the equality: 

X Fp(C) X ¥k^p{A) = C\r-\ X Fp(C) x Ffe_p(A) \\^&-^ x Fp(C) x ^^^^{A). 

Consider the following diagram: 



Co'-i xFi(C) xFfc_i(A) 
Cf-i X F2(C) X F,_2(A) 

X F3(C) X F,_3(A) 



Cp'ls X Vi(C)xF,_p+i(A) 
Clz\ X Fp(C) X F,„p(A) = 



4 



4 



Ct^ X Ffc(A) 



Cf-i xFi(C) xFfc„i(A) 

C^'-l X F2(C) X Ffc_2(A) 



Cp'l2 X Fp-2(C^) X Ffc„,+2(^) 



Clr\ X Ffe„2(C) X F2(A) 
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Label the /iD-space on the left hand side of the diagram and the /iD-space on the right 

hand side. Proposition 11.121 shows that there exists a /iD-space |C^| ; \A^\ and that its 

geometrical realization is the same as the one of X^. Furthermore, \A^\ is also augmented by 
the map do : Wk{A) ^ Ffc(M). This augmentation induces a map : |^»l ^k{M) that fits 
in the following homotopy commutative diagram (if): 




In order to study A^ and C^, 
coordinate of Ffc(M), tt^ : Cp~ 



define vrf : Ffc(M) 
^ X Fp(C) X ¥k-p{A) 



M as the projection on the last 
A as the projection on the last 
coordinate of ¥k-p{A) and vr^ : {CpZl + {/;;}) x ¥p{C) x Ffc_p(A) ^ C as the projection 
on the last coordinate of ¥p{C). Observe that the /iD-space A'^ is augmented by the map 



A. 



Hence there is an induced map, still denoted vr^, from to A. Also 



remark that l o = n^^ o do, and consequently the square 



lAtl 



XA 



A- 



M 



is homotopy commutative. We claim that this square is a homotopy pullback. Indeed the map 
Xa restricts to a homotopy equivalence between the homotopy fibers of the vertical maps. In 
order to show it, we know from V. Puppe [2| that the homotopy fiber of tt^ : |y4^| — > A is the 
geometrical realization of the /iD-space obtained by restriction to the homotopy fibers. More 
precisely, the homotopy fiber of vr^ over a G A is the geometrical realization of the /iD-space 
below: 



nk- 
^0 



xFfc_i(A \r(a)) 
d+\\d^ 



C;zi ^¥p^^{C) x¥u^,{A\r{a)) 
Cp^-ixFp(C)xFfc„p_i(A\r(a)) 



qZ2 xFfc_2(C^) xFi(A\r(a)) 
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By our induction hypothesis, the geometrical realization of this /iD-space has the homotopy 
type of Fjt_i(M \ r(a)). Therefore, we get the annouced homotopy pullback. Using the same 
argument with C^, we show that the outer square of the following diagram is also a homotopy 
pullback: 



C 



A- 



M 



Furthermore, we have the following equality of maps in C^: 

dl O TT^ = r O O TT^ O TT^ = TT^ O dl : C^Zl X Fp(C) X Ffc_p(A) ^ A. 

Consequently, the left square is also a homotopy pullback. Let F be the common homotopy 
fiber of the three previous vertical arrows. According to Lemma [1.121 the geometrical real- 

d+ 



ization of the /iD-space |C, | 



|y4,| is the space and the geometrical realization of 



C I A is M. Using [2|, we know that the induced maps between those homotopy colim- 

its \X^\ — > M has also F for homotopy fiber. Moreover, since the diagram (|) is homotopy 
commutative, the square 



C A 

i+ 



M 



is a homotopy pullback. Since the bottom map is a homotopy equivalence, the top map 
X '■ — ^ Ffc(M) is also a homotopy equivalence. □ 



3 Application to braid groups 

In this section, we explain the method to compute the pure braid groups of M and detail the 
case of the Mobius band. 

3.1 Artin braid groups 

The braid groups have been introduced by E. Artin [l]. Here we adopt the point of view where 
braid groups are defined in terms of fundamental group of a configuration space as given in |3] 
or, more generally, in It is known that Ffc(M^) is an Eilenberg-MacLane space K{Pk, 1) 
where Pk is called the pure braid group on k strands. We extend this definition as follows. 

3.1 Definition 

Let M be a connected manifold of dimension bigger than 2. The pure braid group on k strands 
of M is the group 

Pfc(M) = 7ri(Ffc(M)). 
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In this section, we give a description of the group Pk- 

Let [1, k\ be the set of integers between 1 and k. Let gi < g2 < ■ ■ ■ < 9^ be some fixed 
real numbers. The image of by the the natural inclusion M = M x {0} C is still denoted 
g*. The configuration Qk = {qi,...,qk) is the base point of the space Ffc(M^). Finally, let 
e = inii^j \qj — qi\/2 and e = (e, 0) G M^. 

For {i,j) G [1,A;J^, we define a path tj^i = {Ti,...,Tk) : [0,1] ¥k{M?) joining the 
configuration (gi, . . . , g^) to the configuration (gi, . . . , qj-i, qi + e, qj+i, . . . ,qk) such that Tr{t) = 
gr if r 7^ j and Tj{t) G MxM+. Define the loop aj^i : Ffc(M^) by aj,i{0 = (^b ■ ■ ■ ; qj-i^ 9i + 

e^, qj+i, . . . ,qk)- The class Aj^i G 7ri(Ffc(]R^), Qk) is defined as the homotopy class of the loop 
tj^i * aj^i * tjl where * denote the composition of paths. Observe that the homotopy class of 
Aj^i is independent of the choice of tj^i and e. 

Whenever no confusion is possible, we denote in the same way the loops and their homotopy 
classes and we omit to write down the composition operation *. 
The element A, 



tj,iCij,itj i is represented by the following diagram. 



qi 



92 



9i-i 



9i+i 



qk 



The r-th particle of the configuration is labeled Xr, except when it is fixed at the base point 
and is denoted g^ in that case. 

Analogously, we define the class Bj i by requesting Tj{t) G M x M~. It is represented by the 
next diagram. 



91 



92 



B 



9i-i 



qi+i 



9fc 



The class Bj i is related to the classes A^^^, by the relation 



The following theorem gives a description of the group Pk 
3.2 Theorem 

The group Pk admits the following presentation: 
Generators : Aj^i with 1 < i < j < k. 
Relations : 

(2) 
(3) 
(4) 



«/ l<i <j <r, 

if I < i < j < r, 

if l<i<j<r<s, 

if l<i<j<r<s, 

if l<i<j<r<s, 

if l<i<j<r<s, 

where the commutator [A,B] denotes the element A~^B^^AB . 



(5) [Asj, Aj.jAr^iArj] 

(6) [Asj, Ag^j.Ar,iA^ J.] 
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A complete proof of this theorem can be found in IHO]. It is also a consequence of the next 
lemma that we will use afterward. 

3.3 Lemma 

Let M be a manifold and Qk = {qi, ■■■,%) ^ IFfc(M) he a configuration in M. 
Let U and V he two disjoint suhsets of \l,k\. 

Let T = (ti, . . . , Tfc) he a path in Ffc(M) starting at Qk and such that Tu is constant if u ^ U. 
Let 7 = (71, . . . ,7fc) he a loop in Ffc(M) pointed at Qk such that 7„ is constant if v ^ V. 
Suppose that for all couple {u,v) G U x V and all (^1,^2) G [0, 1]^, we have r„(ti) 7^ ^v{t2)- 

Uu = Tu * 1 * r;;'^ ifueU . 

is 

= 1 * 7t, * 1 if V G V 
well defined and is homotopic to the path 7. In particular, if 'y is a loop, we have uo = t^t~^ 
and so [7, r] = 1 G 7ri(Ffe(M)). 



Then the loop 00 



,Uk) : [0,1] ^ Ffc(M) defined hy 



Proof. Let s G [0, 1] and Tu,s be the path in M defined by Tu,s{t) 
= Ks,...,^m) : [0,1] ^ F,(Af) by 



Tu{st). Define a loop 
where the path 

^v,s = 1*7^*1 liv EV 
named 1 is the constant path at the right point. The path VLs is well defined because for every 
couple {u,v) eU xV and all t G [0, 1], we have r„,s(t) = Tu{st) ^ 7„(t). Therefore, the loops 
UJ = VLi and r2o = l*7*l— 7 are in the same homotopy class. □ 

In the case of 3 or 4 particles, the proof of Theorem 13.21 is contained in the following diagrams. 




[^2,1,^3,1^3,2] = 1 




[^3,1, ^3,2^ 





91 




02 

[Al,^3,2 



X3 



[^4,2, A3;^A3,lA3,2] = 1 [^3,1, ^4,3^4,2^ 

Figure: Yang-Baxter relations for 3 or 4 particles. 



4^] 



X4 




3.2 Practical determination of Pk{M) 

As pointed out in Section [H one does not need to know the rigorous structure of a /iD-space in 
order to calculate its fundamental group. To calculate the fundamental group of |^^|, which 
is Pk{M), the truncated realization [X^gl is enough. In fact, if (Xg)*^") denotes a 0-skeleton 
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for X2, Proposition 11.111 asserts that the geometrical realization of the /iD-space 

has the same fundamental group as \X^\ which is Pk{M) by the Main Theorem. Here, we 
detail how this group can be described by generators and relations. Let Y, be as above and 
denote by Qk G Ffc(y4) = Yq the common base point of |l<i| and |y<2|- 
First step: The space |y<i| is the mapping torus 

/ d- 
\Y<i\= hocolim \l,k\xC x Ffc_i(A) Ffc(A) 

V < 

In order to find the fundamental group of |y<i|, we apply a Van Kampen like theorem in- 
ductively for each path-component of Yi = \l,k\ x C x ¥k-i{A). If a path component of 
Yi = \1, k\ X C X ¥k_i{A) is sent to two different path-components of Yq = ^k{A) by the maps 
di and df, we can use the usual Van Kampen theorem (see Theorem 1.20]). In the other 
case, we use the following variation which can be easily proved. 

3.4 Proposition (Van Kampen Theorem for a mapping torus) 

Let and be two maps between two arcwise connected spaces Z and Y . Let X be the 
homotopy colimit of the diagram 

f- 

z — ry 

/+ 



I.e. 

X 



YUZx[-l,l] 



/+(z)~(z,+l),/-(^)~(z,-l) 

Fix two points yo ^Y and zq E Z , a path y^ in Y from yo to f~^{zo), a path y^ in Y from yo 
to f~{zo), and z the path in X with support {zq} x [—1, 1]. Then, there exists an isomorphism 



y+f+{uj){y+y^ ~ p~^y-f~{uj){y-)-^p for uj e ni{Z, zo) 

where -k denotes the free product of groups and p G tii{X, yo) is the loop y~ z{y^)~^ . 

Second step: In order to obtain |y<2|, we glue a 2-cell on top of |l<i| for each point x e 

Y2 = (C| X F2(C) X ¥k-2{A)Y°\ This 2-cell is attached along the loop $2(2;, •) : \Y<i\ 

described in ll.lOl Also, for each point a; G F2 = {C2 x F2(C) x Ffc_2(v4)) choose a path 
in \X<i\ from $2(2^, 1) to Qk- Finally, as it is well known (see Proposition 1.26]), the group 
Pk{M) = 7ri(|X^|,Qfc) = 7ri{\Y,\,Qk) admits for presentation 

7ri(|X<i|,gfc)/ < a^^2{x,»)a-^ | a; G F2 > • 
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3.3 Braids on the Mobius band A4 

The Mobius band M. can be represented as an embedding torus with C the interval [—1, 1] 
and A the square [—1, 1] x [—1, 1]. The maps z*" are defined by z^(a;) = (ex,e). 

We apply the method described in the previous section to A4. Observe that it is sufficient 
to describe the group Pk{Ai) to know the homotopy type of Ffc(A4) since this space is a 
K{Pk{Ai), 1). Indeed, it follows from the long exact sequence of the fibration 

k 

\/S'c^M\ {qi, qk-i} ¥k{M) ^ F,_i(A^) 
1 

and a trivial induction. 
3.5 Theorem 

The group Pk{A4) admits the following presentation: 

• Generators: pi for 1 < i < k. 

• Relations: 

k"^ pj^] = [pj-i> pj] ■ ■ ■ [pi+i^ pj] [pj^ pi] [pj, p*+i] ■ • • [pj, pj~i] if i < h 

[[Pi,Pi],Pr] = 1 ifi<j<r, 

[[Pi'Pr^].Pi] = 1 ifi<J<r, 

[[pj, Pi], [pr. Pi] [pr, Pj]] = 1 ifi<j<r, 

[[pr, pi], [pr, Pj][pj, pi]] = 1 ifi<j<r, 

[[ps,Pj], [Pi,Pr][Pr,Pi][Pr,Pi]] = 1 if i < j < T < S, 

[[ps,Pj], [ps,Pr][pr,Pi][pr,Ps]] = 1 if i < j < T < S. 

Moreover, the image of the generator Aj^i G Pk{A), j > i, by the map induced by the natural 
inclusion A ^ A4 is [pj,pi]. 

Proof. The group Pk{M.) is the fundamental group of the geometrical realization of the 
following /in2-space. 



{CI X F2(C) X Ffc_2(A))^°^ X C X (Ffc_i(A)) ^Ffc(A). 

Let s = (0,-1) G F2(C) and t = (0,1) G F2(C). Up to an homotopy equivalence, the 
preceding diagram restricts to the following one named Y,. 



Cl X X {(gi, . . . ,g,_2)} X {0} x Ffc_i(A) ^ Ffc(A) . 

First step: We want to apply the Van Kampen Theorem 13.41 to obtain the 
fundamental group of \X<\[. So we fix r G [1,^] and consider the mapping 
torus {r} X {0} X Ffc„i(yl) ^^Ffc(A) . Define some paths in Ffc(yl), denoted by 
?/^, moving the base point Qk = (gi, . . . , g^-i, 9r, 9r+i, • • • , ^fc) to the configuration 
(gi, . . . , Qr-i, i'^iO), Qr, ■ ■ ■ , Qk-i) at constant speed along a segment like below. 
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• 


• 




< 





The image of Aj.i E 7ri({r} x Ffc_.i(A)) = Pk-i, 1 < i < j < k/m 7ri(Ffc(A), Qfc) by the map 

{Aj^i if i < j <r, 

if r <i<j, 
Aj+i^i if i <r <j. 

We prove the last line just above, the two others being similar. The loop * d]^(Aj^i) * 
is given by the following picture 



























• • ■ 

Qi 










• 



and Lemma ESI shows that this loop is homotopic to G Pk- With a slight adaptation of 

the proof, we see that the image of A j^i G vri({r} x ¥k-i{A)) = Pk-i in Tii{¥k{A),Qk) by the 

{Aj^i if i < j <r, 

if r <i <j, 
^7+i,,.^j+i,i^i+i,r if i <r <j. 
Let 2;^ be the path in |l<i| with support the segment 

r X {0} X (gi, . . . , x [-1, 1] C x C x {¥k-i{A)) x [-1, 1] C |F<i|. 




We finally define the loop pr = Ur Zriyt) ^ ^ ^i(l^<il)- Proposition 13.41 asserts that the space 
|F<i| admits the following presentation: 
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where the relations TZi are given by: 

[Aj^i, pr] = 1 if i<j<r or r<i<j, 

AjlAj^iAj^rPr^Ajlpr = 1 iii<r <j. 

Second step: The space |F<2| is obtained by gluing a 2-cell for each element of x {s, t} = 
X {s,t} X {{qi, . . . ,qk-2)} to the space |y<i|. Fix {p,q) G Cj. We carry out the details for 
the 2-cell associated to the point {{p, q),s). 

First, we recall the paths 0i, 02, 03 and 04 defined in Example II .KH They are briefly schem- 
atized in the following way: 





For the sake of clarity, the paths 0i and 03 are only pictured between the times and |. Also, 
the points Xi for i ^ {p,q}, which stay motionless, are represented by a dotted line. Recall 
that the 2-cell is attached to the space |y<i| along the loop 

$2(((P, g), S), •) = 0iZ)r02D2^03l)^04l)2" 

where the paths Dl are defined like in Example ll.lfll They are represented in the following 
way: 

Dt = dtiip, q),s) X id, Df = diiip, q),s) x (-id), 
Dl = d^iip, g), s) X id, = d2{{p, g), s) x {-id). 

A convenient way to study the homotopy class of this 2-cell attachment is to split the com- 
position of path into a composition of well pointed loops. We define eight paths ai, . . . , in 
Ffc(A) = Yq with origin the base point (gi, . . . ,qk) such that the following loop, named u, is 
well defined: 

(ai0ia2"^) (a2£'r"3 ^) («302ar^) (a4-Dj a^^-^) (a503a6 ^) ("e-D]^ af ^) (a704a8 ^) (as-Da'ttr^) 

In the rest of the proof, the paths a* consist in moving the points of the configuration linearly 
and with constant speed as in the following pictures. 
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The 8 paths used for splitting uj 

The final step for the determination of the homotopy class u consists in drawing the various 
loops arising from the previous splitting. For example, consider the loop a^c^t^aQ^: 







To find its homotopy class, observe that and ag ^ can be re-parametrized such that the p-th 
point is moved before the g-th one. Hence, a^cpsa^^ ~ A^^ as pictured below. 
















• 


( '^ p 







A direct application of Lemma 13.31 shows that the three loops ai0iQ;2^, Q:302a4^ and ajcp^a^'^ 
are all nullhomotopic. 

Also the maps sends {{p, q), s) in {q} x Fjt_i(A). The loop a2D^a^^ is pictured below. 
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Observe that up to the position of the p-ih particle, -D^" is the path Zq. Hence, using 
the lemma l373l we come to the conclusion that a2-D]"«3 ^ — Pg. The cases (a4-Dja^^) ~ pp, 
{a^Dfaj^) — and (ag-D^af^) — Pp^ are obtained analogously. Finally, the homotopy class 
of the loop u is pgPpA~^p~^ . 

In a similar way, the 2-cell associated to the element {{p,q),t), once split and pointed at 
Qk, is attached along the loop B^^p * p^ * 1 * pp * 1 * p-^ * 1 * p-^ ~ Bq^pp^ppp'^p-^ . 

As proved in Section IX2t the group Pk{Ai) = TTi{\Y<2\,Qk) admits the presentation: 

j'(pi, . . . ,pfc) *Pfe/7^2 

where the relations 7^2 are given by: 

(a) [Aj^i, pr] = 1 ifi<j<r or r<i< j, 

(b) AjlAj^iAj^rp^^Ajlpr = 1 if z < r < J, 

(c) Bq^p = [p-\ p-^] if p<q, 

Aq^p=[Pq,Pp\ if p<q. 

The final step of the proof consists of a simplification of the presentation. For that, we 
first replace Aq^p with [p^, Pp] in the previous relations. 

(a) If i < j < r or r < i < j, then [Aj^i, pr] = [[pj, Pi], Pr] = 1- 

(b) If z < r < J, then AjlAj^iAj^rp^^Ajlpr = p;^pj\prp7^pjpipj^p;^pjp7^pj^pt)pjpr = 1 
which implies prPi^ PjPiP]^ p~'^ PjPj^ p]^ Pi = 1 i.e. [pr, [pi,p7^]] = 1- 

(c) The relation Bj^i = Ajj_^Ajj_2 ■ ■ ■ AtI^^Aj- jA^- j+i ■ ■ ■ Ajj_2Ajj-i in Pk implies 

[p7\ pJ^] = [Pj-i> pj] [pj~2, pj] ■ ■ ■ [pt+i,pj] [pj,pi] [pj, pi+i] ■ ■ ■ [pj, Pi-2] [pj, Pj-i]. 

Observe that, as a consequence of relation (a), we have [[pj,pj], [ps,Pr]] = [^j,j)^s,r] = 1 for 
i<j<r<soTr<i<j<s. In fact, these are two of the Yang-Baxter relations given 
in 13.21 ((3) and (4)). Finally, the remaining Yang-Baxter relations translate into the following 
relations. 

[Aj^i, Ar^iArj] = 1 ^ [[pj, pi], [pr, pi] [pr, Pj]] = 1 if i < j < r, 

[Ar,i, ArjAj^i] = 1 ^ [[pr, Pi], [pr, Pj][Pj, Pi]] = 1 if Z < J < r, 

[^s,j,A~jAr,iArj] = 1 ^ [[ps,Pj], [Pj,Pr][Pr,Pi][Pr,Pj]] =1 if 1 < J < r < S, 
[Asj, A'lAr^iAs^r] = 1 ^ [[Ps, Pj], [Ps, Pr] [Pr, Pi] [Pr, Ps]] = 1 if i < j < r < S. □ 

Of course, we can iterate the construction by attaching a dimension 2 disc along the 
boundary of the Mobius band in order to obtain the projective plane MP^. In the particular 
case k = 2, we recover a result from J. van Buskirk|n|. 

3.6 Corollary (t9|) 

The pure braid group on 2 strands of the projective plane MP^ is isomorphic to the group of 
the quaternions Qs- 



Configuration spaces of an embedding torus and cubical spaces 
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